Preface

Jacques Hebert

In January of 2004, I published a book [2] in which I define the notion of a 'canonical' medieval labyrinth based on rhythmic properties of these labyrinths.  Using the resulting rules, I derived a set of 20 such 'canonical' labyrinths.

My friend, Tristan Smith, a computer scientist, saw my book and developed a computer program, Daedalus, that generates labyrinths based on the rules I formulated.  Daedalus confirmed my 20 'canonical' labyrinths.
  Since then, Daedalus has been generalized to produce labyrinths that satisfy a wide variety of rules. 

Daedalus in the 21st Century

Tristan Smith

Introduction:

Throughout history, a wide variety of labyrinths have been drawn and built.  However, almost nothing is known about the goals of their creators.  In particular, out of millions of possible design choices, how and why did they settle on the labyrinths we know?

Recently, a couple of authors have proposed potential motivations for particular choices and explored other possible designs that satisfy those motivations ([2],[3]).  In this article we describe Daedalus, a computer program that generalizes the search for possible labyrinth designs.  Given a set of rules and a depth (the number of concentric levels within a labyrinth), Daedalus will find all labyrinths that satisfy these constraints.

This paper is intended for a general audience.  We hope it is useful both to the labyrinth community as an introduction to search, and to the search community as an introduction to labyrinths.

Terms and notation:

Our aim is to generalize labyrinth design; nonetheless, we must begin with some basic rules.  We define a depth D labyrinth as follows:

1. It consists of 4 quadrants, each with D units (or levels), resulting in a total of 4D units.

2. It has a single path through the labyrinth that uses each of the 4D units exactly once.

3. The path enters the labyrinth in quadrant 1 and reaches the center from quadrant 4; both the entry and exit occur adjacent to the division between quadrants 1 and 4.

Figure 1 shows how we number the 4D units.  Quadrant 1 contains units 1 through D, quadrant 2 contains units D+1 through 2D and so on.   This figure also shows the four axes between quadrants:  a main axis (I) along which the path begins and ends, and secondary axes II, III and IV.

With this numbering scheme, a path can be denoted by the sequence of units visited.   In Figure 2 we show some historical labyrinths and describe their paths using our numbering scheme.

Because our focus is the specific path through a labyrinth, we are not concerned with slight changes in shape or embellishments; most known labyrinths can be represented using our numbering scheme and drawn in circular format (or script version).  For example, we equate the Reims labyrinth in Figure 2a to that of Figure 2b.
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Figure 1:  Our unit numbering scheme; an example with depth 5 and a generalized numbering for any [image: image2.png]@



depth D.

Figure 2:  Historical labyrinths.  Below is the path for each using our numbering scheme:

1. Reims, historical (a) and script version (b): 3 2 1 12 13 14 25 24 23 34 35 36 37 26 27 38 39 40 41 30 29 28 17 16 15 4 5 6 7 18 19 8 9 10 11 22 21 20 31 32 33 44 43 42

2. Cretan, historical (c) and script version (d):  3 10 17 24 23 16 9 2 1 8 15 22 25 17 11 4 7 14 21 28 27 20 13 6 5 12 19 26

3. Lyon (Roman-type)
 (e): 9 6 7 8 5 2 3 4 1 18 15 16 17 14 11 12 13 10 27 24 25 26 23 20 21 22 19 36 33 34 35 32 29 30 31 28

4. Bayeux (f): 5 15 25 35 34 33 32 22 23 24 14 13 12 2 3 4 1 11 21 31 36 26 16 6 7 8 9 19 18 17 27 28 29 39 38 37 10 20 30 40

Search and Daedalus:

Combinatorics allow us to bound the number of possible paths for any depth D.  Consider labyrinths of depth 11 (like Reims and Chartres).  A valid path must use each of the 44 units exactly once.  Therefore, to build a path, you could start with any of the 44 units.
  This would leave 43 choices for the next unit, and so on.  This gives us:

44 ( 43 ( 42 (...... ( 1 = 44!

possible paths.  In general, a depth D labyrinth has 4D! possibilities.  For only depth 3, this is more than 479 million; at depth 18, it is more than the number of atoms in the universe.

Our goal is to find the tiny subset of these possibilities that are valid paths.  This is the essence of a search problem – finding desired solutions from among a huge number of possibilities.  Search problems occur all over.  MapQuest solves a search problem in which it finds the shortest route from your house to the movie theater.  Computer chess programs tackle a search problem (imperfectly) to decide upon a move.  In fact, human chess players also consider a search problem at each move, but use very different techniques to address it.

Fortunately, rules 1,2 and 3 as well as physical constraints make most paths impossible.  For example, since we require that the path start in quadrant 1, the first unit cannot be any of units D+1 through 4D.
  Similarly, the path cannot jump around; we can never move from a unit in quadrant 1 to a unit in quadrant 3, for example.

Daedalus is our attempt to solve the labyrinth search problem.  It searches the 4D! possibilities by building paths one unit at a time.  When a partial path is known to be impossible, it is not explored further, speeding up the search enormously.

Results:

If Daedalus is limited only by rules 1, 2 and 3, it generates 94 possibilities at depth 3 and 6,480,524 at depth 6.  Four examples of the depth 5 labyrinths are shown in Figure 3.  Notice that Daedalus is general enough to produce labyrinths of most historical styles.
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Figure 3:  Examples of the 134,094 Daedalus-generated labyrinths at depth 5:  a) medieval-style b) cretan-style c) roman-style
 d) randomly chosen path.

Because we aren't willing to wait weeks for Daedalus to find all possible paths,
 we cannot generate all labyrinths at depths greater than 5.
  A compromise is to add more rules and thereby reduce the set of possible solutions to explore.  Here is a fourth rule and two versions of a fifth that disallow some of the labyrinths we have seen:
 

4. Changes of depth at axes II, III and IV are allowed only where a path folds back immediately on itself (i.e. from unit u to unit u-1 or u+1 in the same quadrant).  This disallows most Roman-style labyrinths; for example, the jump from unit 6 to 15 in Figure 3c is disallowed.

5. a) Symmetry: The crossings of the II and IV axes are identical when viewed from the inside out.  The Bayeux labyrinth of Figure 2f has this property.

b) Anti-symmetry: The crossings of the II and IV axes are identical when viewed from left to right.  Medieval labyrinths like that of Figure 2a/2b have this property.

Notice that the Cretan labyrinth of Figure 3b satisfies both versions of symmetry while labyrinth 3d satisfies neither.

In Table 1, we show the number of labyrinths produced at various depths with various combinations of our 5 rules.

	Depth
	Rules 

1,2,3
	Rules

 1,2,3,4
	Rules 

1,2,3,4,5a
	Rules 

1,2,3,4,5b
	Rules

 1,2,3,4,5a,5b

	1
	1
	1
	1
	1
	1

	2
	4
	4
	2
	2
	2

	3
	94
	28
	11
	10
	7

	4
	2,530
	177
	45
	49
	37

	5
	134,094
	1,390
	226
	194
	88

	6
	6,480,524
	10,845
	1,134
	1,221
	558

	7
	-
	90,206
	6,063
	5,354
	1,765

	8
	-
	759,243
	32,639
	34,379
	11,327

	9
	-
	6,558,452
	180,872
	157,884
	35,140

	10
	-
	39,813,680
	1,013,122
	1,056,235
	234,884

	11
	-
	-
	5,747,332
	4,984,897
	761,716


Table 1:  The number of labyrinths that satisfy various basic rules at different depths.

Daedalus at your service

The above rules generate a wide variety of labyrinth styles - many more than can be examined carefully at any of the larger depths.  What if you are only interested in a particular style?  In addition to producing labyrinths, Daedalus can analyze them for desired properties.  We have considered the following possible properties:

1. numCrossings:  Number of times the path crosses the main axis (most historical labyrinths have numCrossings = 0 while the Bayeux labyrinth has numCrossings = 1).

2. numBayonets: Number of bayonets (where the path changes quadrants and depths at the same time, as in the path from unit 4 to 16 in Figure 3d).

3. maxInset: The maximum number of path widths out from the main axis that are allowed.  For example, the fold from unit 2 to 3 in Figure 2f is at crossing width 3 because the path passes between that fold and the main axis twice.

4. numCourses: The number of round courses as described by Hebert.  A round course is an 8-unit part of the path with 3 folds that alternates long-short-long-short-long.  An example is the section (1 12 13 14 25 24 23 34) of the Reims labyrinth in Figure 2a/2b.

5. maxStraight:  The maximum number of units in a row without changing direction.  For most medieval labyrinths, this is two.

6. minStraight:  The minimum number of units in a row without changing directions.  For most labyrinths this is 1 but for Cretan style labyrinths it is 4.

7. Reversibility: The path from the inside out is identical to the path from the outside in.

By considering subsets of the above rules, we can derive all labyrinths of a given style.  For example, to generate Cretan style labyrinths, we can limit Daedalus to those with numCrossings = 0 and minStraight = 4.  With these restrictions, there are  42 labyrinths at depth 7 (the depth of the Cretan labyrinth of Figure 2c/2d) and 262 at depth 9.
  Notice that Daedalus finds the number of Cretan-style labyrinths predicted mathematically by Tony Phillips [3].

Consider now the medieval labyrinths explored by Hebert [2].  He defines 20 such 'canonical' labyrinths.  Daedalus produces those 20 labyrinths if we require numCrossings = 0, maxInset ( 2, numBayonets = 0, numCourses = 3 and reversibility = true.  We can also relax the rules slightly and produce more labyrinths in a similar style; for example, eliminating the requirement that maxInset ( 2 yields 49 possible labyrinths (the 20 'canonical' ones plus 29 others).  Three examples of the 29 are shown in Figure 4.
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Figure 4:  Three examples of new Medieval-style labyrinths achieved by slightly relaxing Hebert's rules.

Future Work:


We have chosen a set of base rules that most historical labyrinths follow.  Even those rules are not set in stone, so to speak, and one could extend Daedalus to search for labyrinths that follow even fewer rules, or different ones.  For example, the labyrinth could be divided into thirds or eighths, instead of quadrants, as some post-medieval designers have done.

As mentioned, the exponential growth of the search space means that time constraints limit the labyrinths that Daedalus can explore effectively.  While Daedalus has produced most known labyrinths, it has not yet produced large Roman labyrinths for this reason.  One way around this would be to use alternatives to rules 4 and 5 that limit the number of possibilities Daedalus must consider without excluding Roman labyrinths (for example, we could require all four quadrants be identical). 

There is another possible extension to Daedalus that would  be interesting.  Currently, a user can specify a set of desired rules and Daedalus will produce all paths at a given depth that satisfy those rules.  It would be interesting to change Daedalus into an optimization algorithm as follows.  The user could assign scores for various properties - a positive score for desired properties and a negative score for undesired ones.  For example, we could give 5 points for each round course and subtract 1 point for each bayonet.  Daedalus could then search for the labyrinth(s) that produce(s) the highest score(s).  This would allow someone to rank the aesthetic features of labyrinths according to their own measures and produce the best labyrinths according to those rankings.

It is worth pointing out that this approach is not the only way to determine how many labyrinths of a certain type exist; mathematical proofs could potentially be used to achieve the same numbers.  This is the approach taken by Phillips [3] in determining the number of Cretan-style labyrinths at various depths.  It is not clear whether this could be done for more general cases.  An advantage to Daedalus' approach, of course, is that, in addition to determining the number of labyrinths that satisfy a set of properties, it also produces those labyrinths.

Conclusion:

Daedalus is a computer algorithm designed to find labyrinth paths that meet various set criteria.  It allows us to quickly explore all sorts of possible paths and greatly expands upon what can be, and has been, done by hand.

Here we have only been able to show and discuss a tiny fraction of the labyrinths that Daedalus has produced.  Other examples can be found on our websites( [1],[4]).  
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�In fact, he had seen the original version of my book which had only 19 and was initially surprised to see the program produce 20.  In the meantime I had discovered my error and had updated my website to include all 20.


�Notice that this rule precludes any dead space in the labyrinth and disallows any choice points  (places where the path splits).


�The original design has been flipped in this picture so that it starts in quadrant 1.


�It is fairly clear, of course, that many of these are not physically possible as a first choice.


�The '!' is the factorial symbol.  For example 3! = 3 ( 2 ( 1 = 6


�In fact, it can be shown that the first unit must be an odd-numbered one.  Otherwise, the path will get stranded in one of the units between it and the outside.


�To hint at the wide variety of labyrinths created by Daedalus, the  example chosen does not satisfy some properties common to most Roman labyrinths (the quadrants are not identical, for example).  Of course, Daedalus produced others that do satisfy those properties.  


�Thanks to Chris Hoge who started the work on a program that will draw Daedalus' labyrinths automatically.


�With only rules 1 - 3, Daedalus took 2 seconds at depth 4, 3 minutes at depth 5 and 509 minutes at depth 6.  Since it takes roughly 100 times longer for each increase in depth, depth 7 would take around 5 weeks.


�Of course, improvements to the algorithm would allow larger depths to be discovered but the exponential nature of the problem would continue to be limiting.


�Deciding upon these additional rules is a subjective decision, despite attempts to remain objective!


�Note that, according to our rules, there are no Cretan style labyrinths at any even depth since such a path would have to end in quadrant 1.





